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ABSTRACT

The properties of the attenuated Radon transform and its application
to single-photon emission computed tomography (ECT) are analyzed in detail.
In nuclear medicine and biological research, the objective of ECT is to
describe quantitatively the position and strengths of internal sources of
injected radiopharmaceuticals and radionuclides where the attenuation
between the sources and detector is unknown. The problem is mathematically
and practically quite different from well-known methods in transmission
computed tomography (TCT) where only the attenuation is unknown. A mathe-
matical structure using function theory and the theory of linear operators
on Hilbert spaces is developed to better understand the spectral properties
of the attenuated Radon transform. The continuous attenuated Radon transform
is reduced to a matrix operator for discrete angular and Tateral sampling,
and the reconstruction problem reduces to a system of linear equations.
For variable attenuation coefficients frequently found in imaging internal
organs, the numerical methods deveiopedyin this paper involve iterative
techniques of performing the generalized inverse. Its application to
nuclear medicine is demonstrated by reconstructions of transverse sections

of the brain, heart, and liver.






1. Introduction. The attenuated Radon transform describes mathe-
matically the relationship between the number of photons emitted from
radionuclide distributed in a transverse section of the body and the number
of photons projected onto a scintillation detector [13]. Reconstruction
procedures which numerically invert the attenuated Radon transform are
used in single-photon emission computed tomography (ECT) to quantitate
the three-dimensional distribution of gamma-emitting radiopharmaceuticals
and radionuclides in the body. This application of ECT gives the physician
a more accurate way of seeing inside the human body and provides a noninvasive
procedure for studying biological processes both in health and in disease.

ECT is a field of nuclear medicine which uses projections of radio-
nuclide distribution data — collected using scintillation detectors
at different angles — to reconstruct cross-sectional images of the internal
organs of the body. The instrumentation and strategies of ECT are divided
into two major categories — 1) single-photon ECT, which uses either
multiple-detector arrays [231,[451,0667 or scintillation cameras [47,[11],
[39],[43] for the detection of single-photon emitting radionuclides such
as 99mTc9 and 1231; and 2) posifron ECT, which uses coincidence detection
[87,[18],[57],[70] of annihilation photons from positron-emitting radio-
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nuclides such as N Ga, and

Rb. In this paner we will be
concerned with the former.

The major use of ECT is the quantitative im vivo measurement of
biochemical and hemodynamic functions. This fs in contrast to x-ray
transmission computed tomography (TCT), which has as its major use the

anatomic description of cross sections of body organs. The methods differ

in principle: ECT seeks to describe the location and intensity of sources



of emitted photons in an attenuating medium, whereas TCT seeks to
determine the density distribution of the attenuating medium from the
projected shadow of an external x-ray or gamma-ray emitting source.
Single-photon ECT as exemplified by the attenuated Radon transform differs
from both TCT and positron ECT in the mathematical procedures required
to reconstruct the croséasectional images. The attenuation compensation
needed for single-photon ECT is not a simple multiplicative correction
of the observed projection data as in the case of positron emission
tomography [28]. However, iterative methods éan be developed which
adequately quantitate the distribution of single-photon radionuclides
despite the attenuation of their radiation by a variable attenuation
distribution.

The first clinically useful x-ray TCT machine was invented by

Hounsfield of EMI, Ltd. in 1970 [35]. Since that time x-ray TCT has

made a major impact on diagnoétic radiological procedures with mathematical
techniques and algorithms playing a central role [62],[64]. Even before
the EMI scanner, the principles of ECT were worked out by Kuhl and
Edwards [44]. However, the clinical application of ECT has lagged
far behind that of x-ray TCT, primarily because the attenuation problem
has made it difficult to quantitate the distribution of radionuclides.
In the last 15 years, researchers have investigated different ways of
reconstructing radionuclide distributions by developing new instruments
and algorithms for inverting the attenuated Radon transform. These
advances are reviewed in [97],[14]1,[28],[567,[69].

To illustrate the concepts of single-photon ECT, consider the example

of a physician who is trying to detect small Tesions in a patient's liver



(Fig. 1). The patient is injected with a radiopharmaceutical such as
99mTc sulfur colloid which localizes by phagocytosis in the Kupffer cells
of the Tiver and other cells of the reticuloendothelial system. Cancer
invasion results in failure of the diseased area to concentrate the
colloidal particles [19].

A scintillation camera [1] — either fixed, with the patient rotating
as illustrated in Fig. 2, or the with camera itself rotated by a gantry
[43] — or a circular arrangement of scintillation detectors which scan
in angle and horizontally [66] can be used to detect the photons emitted

99mTc. The scintillation detector consists of a

by the radionuclide
crystal which converts the high-energy gamma photons into 1light, and
photomultiplier tubes which convert the light scintillation into an
efectronic signal. By electronic circuitry these electrical signals are
used to display an image on an oscilloscope or are converted from analog
to digital signals and stored in a computer for disp?ay.as a digital image.
The images, commonly referred to as scintigrams, show an intensity
directly proportional to the concentration of the radiopharmaceutical.
Therefore a neoplastic lesion in the liver should show up on the images
as a Tow intensity region surrounded by higher intensity from the
normally functioning tissue. However, since the images represent the
projection of the liver, overlying and underlying tissues, and other
organs such as the spleen, the image of small lesions will be obliterated
by the projection of these surrounding tissues onto the image plane.
To better visualize the liver and the suspected lesions, we obtain
images at different angles, in which the internal organs appear in

different relationships to one another. The information from a cross-
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Fig. 1. Illustration of a transverse section through the liver and spleen
as one would view it looking from the feet toward the head. The anterior
and left lateral views show the projected image of the lesion shown in the
transverse section.
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Fig. 2. Single-photon emission computed tomography. At the rotation
angle 6 and lateral sampling £, the detector will see those photons which
travel along the line £ +xsiné - ycos6 = 0 and are not attenuated by body

tissue,



section of the body through the Tiver is recorded as a single one-dimen-
sional Tine on each image. Taking this line for each angle and digitally
processing the data, we reconstruct the desired two-dimensional cross
section. This procedure separates the overlying and underlying tissue
and allows the physician to quantitate the spatial distribution of

the sulfur colloid sequestered by the Tiver. Lesions such as the one
shown in Fig. 1 can be detected with better resolution and greater
Contrast than is possible with any of the traditional projected
scintigrams.

The reconstruction of the cross-sectional image is complicated by
the attenuation of the emitted photons. The scintillation detector can
detect only those unattenuated photons projected along rays intersecting
the camera face. The degree to which these photons are attenuated depends
on the energy of the emitted photons and the density of the tissue
interposed between the emitting source and the detector. For example,

99m

78% of the 140 keV photons emitted from Tc radionuclides will be

scattered or absorbed in passing through 10 cm of tissue. Therefore
only 22% of these emitted photons will carry useful information. This
presents a difficult problem for quantitating the éctuaT distribution
in any cross sectional image.

If mathematical algorithms appropriate for TCT [7],[25],[33],[38],
[59],[63] are applied to projection data obtained from a scintillation
camera, the results of reconstructing a uniform source within an
attenuating medium such as the body will show a concentration which
appears to be less in the center than at the edges. However, knowing

the attenuation distribution, we can correct the effects of attenuation




and obtain a true quantitative measure of the radionuclide concentration.

The attenuation distribution is détermined by TCT, using an external

transmission source with the same enerqgy as the emitted photon of the

radionuclide (140 keV for 99mTc), The intensity of the transmitted beam

is measured at different angles. These data are compared to the incident

beam intensity and the results give a measure of the attenuation of the

photons by the tissue between the source and the detector. The distri-

bution of attenuation coefficients is reconstructed for the same cross

sections as those chosen for the radionuclide cross-sectional images.

With this a priori information about the character of the attenuating

medium, we can use single-photon ECT to determine the Tlocation and intensity

of the source of emitted photons by inverting the attenuated Radon transform.
To describe mathematically the single-photon ECT problem, we use p

to denote the concentration of the radionuclide in counts/area at the

point r= (x,y)s u to denote the distribution of attenuation coefficients

in units of (1ength)ﬁ?, and p to denote the projection of the emitted

photons as illustrated in Fig. 2. The projections for a particular

transverse section represent photons which have been released by radio-

active nuclei thdt lie in the transverse section perpendicular to the

detector. The photons measured are only those photons which are released

within a solid angle subtended by the detector and collimator which are

not attenuated by the body tissue between the nucleus and the detector.

If a photon is emitted from a nucleus at the point Zo and travels along

the Tine & + x sin® - y cosd = 0, the probability that the photon will

reach the detector is given by the formula



(1.1) Drobabégzgéigg photon _ exp {i;{ u(aaﬂgo)dij 9
L=t

where the distribution of attenuation coefficients u is a function of

tissue density and photon energy. The projection p(£,6) at the angle 06

and Tateral sampling £ is the Tine integral of p weighted by the

exponential factor in (1.1):

(1.2) p(g,0) = jo(y) exp E u(f')6(€~<['9§>)d§i§ §(g - <r,0>)dr

where 0 = (-sin®,cos0) and QL = (c0s0,5in8). The mapping Aﬂzp +>p in
(1.2) is the attenuated Radon transform. If =0 everywhere,the attenuated
Radon transform reduces to the trénsform [22] , [48] defined by

Radon in 1917 [58]. To define the attenuated Radon transf‘orms thé
distribution of attenuation coefficients u for the cross section is
required. In some situations this distribution can be assumed to be
constant, but for precise measurements it requires the use of TCT.

The exponential term in (1.2) has, unfortunately, such large values for
all energies used in nuclear medicine that the reconstructed images are
seriously affected using TCT algorithms Without compensating for
attenuation.

This paper presents an analysis of the attenuated Radon transform
and describes a reconstruction algorithm which uses an iterative method
to numerically invert the attenuated Radcn transform. The work presented
differs from previous work in the literature [3],[4],[16].[36]1,[53],[71],

[72] in that the attenuated Radon transform is defined for variable




distributions of attenuation coefficients. Following this introduction,
preliminary mathematical definitions and concepts are given which are used
to formulate the properties of the attenuated Radon transform for both
discrete angular sampling and continuous angular sampling. Then some
basic theorems are given for the single-angle attenuated projection
operator which maps LZ spaces with special weight functions into LZ spaces.
These results are then extended to the continuous angle case. The
generalized inverse and the singular value decomposition of compact
operators are described in the context of the continuous angle operator.
This gives a structure for the analysis of the mathematical and spectral
properties of the attenuated Radon transform. The last two sections

deal with iterative methods for inverting the attenuated Radon transform
for arbitrary attenuation distributions, and with results obtained from

patient and animal studies.
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2. Preliminary definitions. The definition of the attenuated Radon

transform A given by (1.2) can be rewritten using the rotated coordinates

(see Fig. 2):

X = -£ sing + £ cosd
(2.1)

y = £ cos® + ¢ sind
This gives

[ve]

(2.2) p(£,8) = }fp(»g sind + ¢ cos6, £ cOSO + I siﬁe> alz,£,0)dg ,

=00

where

(2.3) alc,£,0) = exp Emjf ul-£ sing + ' coso, £ cosp + éi sine)dc'}
4

The uppef Timit is chosen to be at infinity for mathematical convenience.

This allows for general distributions of both concentration and attenua-

tion coefficients; in practical situations, it does not matter if

conceptually the detector is placed at infinity since the distribution

of isotope concentration and attenuation coefficients is zero outside a

compact subset of RZH
The distribution function p is a real valued function of the

vector r. We will use the vector r with coordinates (x,y) to

denote the spatial position in the transverse section which has concen-

tration density p(f)u In (2.2) we see that the function p is mapped into

the function Aup:@ = Rx[0,2r) > R whose domain € is the direct product of

the real numbers with the interval [0,2n). The notation A{p,u3£,0} will

be used interchangeably with Aup(gae) to denote the transformed function

which is the attenuated Radon transform of p with respect to the attenu-




-11-

ation distribution p evaluated at &£ and 6. Recall that the Radon
transform is a special case of the attenuated Radon transform, that is,
u=0 everywhere. Therefore Ao will be used to denote the Radon transform.
If AU maps the Hilbert space X of concentration functions p into the
Hilbert space Y of projection functions p, then the range and the null
space of the linear operator Au is denoted as ﬁ(Au) c ¥ ande/V(Au) <X,
respectively. The adjoint operator of AU, denoted by Azg maps the Hilbert
space Y into X and is defined such that <p5A§p> = EAupgp] for all pe X
and peY, where <, > and [ , ] are the inner products in the Hilbert
space X and Y, respectively. If Au; X =Y is a bounded linear operator,
then J?KAM) and(/VYA:) are closed subspaces of X and Y, respectively;
and X :‘,/V(Au)‘wE,/l/(Au)‘L and Y zgﬂ/(AZ) +/VKA§)L5 where the notation
5t denotes the orthogonal component of S.

One particular Hilbert space we will consider is LZ(stw)a which
represents the space of real valued functions that are square integrable
with respect to the weight function W. It will be shown in section 4
that with properly chosen weight functions the attenuated Radon
transform maps this Hilbert space into the Hilbert space LZ(E,W) of
the projection functions p defined on the set ¢ which are square
integrable with respect to the weight function w. The inner product

for L(RZ,W) is

(2.4) <P0TR2 =

(2.5) [psgle =
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The adjoint transform of the attenuated Radon transform
Ay Z(RE W) » L2(C,w) s

(2.6) (A:g)(xsy) = g(-x sing + y c0s0,0)

x a(xX,y -x sin® + y c0s6,0) w(-x sind + y cos6,0)do ,

where

a(x,y,-x sind + y c0s6,0)

(2.7) exp Eajg;u(x sin’e - y cos8 sin® + ¢ cos,
x cosB+ vy sinb

- X $in0 cosd + y cos’6 + c‘sine)dg'

By the property o% functionals on Hilbert spaces, we know that A:g is
unique. The adjoint transform Ai is an inverse mapping in the sense
that it maps the Hilbert spéce of projection functions Lz(igw) into the
Hilbert space of concentration functions LZ(RZSW),

Another operator which operates on LZ(@SW) is the back-projection

operator Bu defined by
2m

g{-x sind + y c0s0,6)

de

(2.8) (Byg)(x.y) =
J o alx,y,-x sin® + y c0s0,0)

This operator differs from the adjoint transform ((2.6)) in that the
weighting functions W and w do not appear and the attenuation factor
is equal to the reciprocal of the attenuation factor given in (2.7).
Both the adjoint transform A§ and the back-projection operator BU can

be considered as "back-projection" operators since they both assign
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a value for the point (x,y) which corresponds to back-projecting the

projection values for all projection rays passing through the same point

(x,y) weighted by the appropriate weighting functions and attenuation factors.

3. The single-angle projection operator. The single-angle projection

operator Ause is defined as (Augep)<g) = (Aup)(gse) so that A, gP is a
single projection at the angle 6. In this section we will investigate some
of the properties of the single-angle projection operator AU&@ which are
extensions of the results developed by Marr [50] for the Radon transform.

The goal is to define an operator which is a modification of the attenuated
Radon transform so that we can look at some interesting Hilbert spaces in
which this operator composed with its adjoint is an "into" mapping. This then

gives us a hint as to how to proceed when we look at the continuous angle case.

In the following theorems we will use the attenuation function a

2

given by (2.7) as a weight function for the Hilbert space L](R ,a).

Functions p € Li(Rgﬁa) satisfy

51;ﬁ|p(X9Y)I a{X,y,-x sind + y c0s6,0) dxdy <
RZ

The weight function a(x,y,-x sin® + y cos0,8) represents the line
integral of the attenuation coefficients from the point (x,y) to « in
the direction of the vector @i = (cos0,sin0). The inner product for the

Hilbert space L1(sta) is given by

<f§97RZ :efzgaf(x,y) g(x,y) a(x,y,-x sing + y cos6,8) dxdy
53
R2
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THEOREM 1. For any 6, AU 5 is a bounded Tinear map from LT(RZSa)

. i . .
into L'(R) with “Auae“ = 1.
PROOF. Using the definition (Au g PIE) = (Au 0)(£,08) and the

definition of Au given by (2.2) we have
a}{I(AU o PI(E)[dE = °}[!jﬁp(gg sin® + ¢ cosf, £ cosO + ¢ sind)
R
x alz,£.0)ds | d
< J{ lp(~& sind + ¢ cosB, £ cos® + ¢ sind)
R? |

x a(z,&,0)| drdg

Using Fubini's theorem, we have for p € L’URZ,a):

p(x,y) a(x,y,-x sind + y co0s6,0) |dxdy < «.

Therefore Au o P € LT(R), Rewriting (3.1), we can express this as

1A, g0l < ol

This implies that

1A, o el

su H,0
el <1 el

A

1A, ol -

If we Tet p(x,y) = &(x) &(y) [a(x,y,-x sing + y cosega)]“1 we see that

HAﬁpeH = 1. Q.E.D.
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Zaa) >

Next we want to consider the adjoint operator of Au99 :Lj(P
L1(R)° The inner product for the Hilbert space L1(R) is given by
[psalp = p(g) q(&)dg. Therefore, using this definition and the
correspogéing definition of inner product for the Hilbert space LT(ﬁzaa)a
one can show that the adjoint operator Azse maps the function h defined

on R into the function ASBG h given by

(3.2) (A:ge h)(x,y) = h{~x sin® + y coso)

The function Aﬁ h is a ridge function [47] which is constant along

lines that are parallel to §l = (c0s6,51n0).

DEFINITION.  The function X € LI(R%a) will denote the

2

characteristic function for a subset £ of R (i.e., X =1 for points

in the subset © and 0 otherwise) and i A X. The operator Mf

0,0 u,e
will denote the multiplication operator such that (!VL]c g)(x,y) =
fOGy) glxy).

THEOREM 2. For x € L' (R%,a)

(3.3) (A M, A

PROOF. By the definition of AZ o in (3.2), we have (A"

e MOGy) =

h(-x sing + y cos8). Applying the operator MX to this gives

X(x,y) xh(-x sing + y cos@). Therefore the expression on the left in
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(3.3) 1is given by

*

(A M, A . h)(E) =

we M AL ) h(=x sing + y cos0) a(x,y,£.6)

x 8(& + x sin® - y cosd) dxdy

Using the transformation of coordinates (2.1) we have
(Ao M A g M)(E) = fx(%e) h(E) alr.g,0)dz

h)(g) . Q.E.D.

DEFINITION. ~ The e-silhouette of @ is the set &g = {(ry8) [r e a}.
The intersection of the line £ + x sind - y cos6 = 0 and the set Q is
Q&.G‘

THEOREM 3.  The operator AU

A, ol = 1.

o Maps LT(Q,a) onto L?(ﬁe) with

PROOF.  To show that Au 9 is an into mapping, follow steps similar

to those in Theorem 1. To show that it is an onto mappinga take a

function he L'(Q.) and Tet

o)

(3.4) olx,y) = X(xy) Ah(mx sing + y coso)

Xuse(nx sind + y coso)

Using (2.2) and (2.3),
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To show that o in (3.4) is in Li(ﬂsa) we have, using Schwartz's inequality

and applying Fubini's theorem,

{gjp(xsy)! a(x,y,-x sin® + y c0s0,0)dxdy

>;' )
J

+ y cos0,0)dxdy = Jgé
)

} |h{g)]dg
Q@

Since h € L1(§e) then p € L1(Qaa)n To show that the norm of Au

JX(xsy) A h(-x sind + y cosH) } 2 (X,y,-x Sin 6

Xuse(wx sin® + y cos6)

Ix(csise) :_ﬁﬁ,%;)m ’ a(zc,&,0)drdg
xuse(&)

i

,0
is equal to one follows immediately from steps similar to those given

in Theorem 1. Q.E.D.

Next we want to define a new single-angle projection operator for
the attenuated Radon transform. It will be shown that this operator
has an important application in defining an ART algorithm for reconstruc-

ting attenuated projection data.
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For a set  C RZ with characteristic function X,

and R: o are defined as follows

(3.,5) 1) R = M,a -1 A s
s 6 (XUSG) 14,0
. % - *
(3.6) i) Ruse = MX AUae )
where A: o 1s defined by (3.2).

THEOREM 4.  For any 6 and any bounded open set Q,RZ the following

are true:

(i) R

(i1) The composite operator Ru 0 R*

on L

(iii)

. * Y
operator — i.e., (RUae RU99> = R R

PROOF.

A in (2.2) and RU

U0

inequalities that Ru

(A o )E] =

1,0 maps L

fJg» X

The composite operator R: 5 Ru 0 is an idempotent

2(0.a) onto Lz(ﬁeg X ).

W0

1,0 is an identity
9

use)"

U0 u,0°

(i) Using Schwartz's inequality and the definitions of

0 in (3.5), we see from the following sequence of

maps LZ(an) into Lz(ﬁes X ):

96 U9e

O(ngaei) X(C9g98) a(csg,G)dc’

< (flo(csé;,e)iz a(gga,e)df:);ﬁ(fx(g,gse) a(cssse)diyé
% e 6

< ([ Ioz::0) 12 alc,e,000)% (X (6)7"
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- Mo 205 %
Therefore, R = M(X )-1 Ayge € L (QS’XU o)

1,0 :

1,0 P

To show that RU is an onto mapping, take a function

0

he L2(§69 X ) and let

U0
o(x,y) = X{x,y) h(-x sin® + y cosd)

Then using (2.2), (2.3), and (3.5),

(R, 40)(E) = ——

i
)

>
—
¥
I3
'hal
“
D
~—
oy
—~
¥y
S
jo1)
—
Y
w
gy
w
[
L
jo N
Y

To show that p € LZ(QSa) we have, using Schwartz's inequality and

Fubini's theorem,

1
a{X,ys=x sind + y cos@,@)dxdy)2

IX(x,y) h(-x sino + y cose)l2 a(x,y,~x sing +
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* 2.0 ~
,0 Ruse (Qe’ Xuge)

follows immediately from Theorem 2 and the fact that Xu 6(E;) # 0 for

~

£ e f

(i1) The proof that Ru is an identity on L

0

(111) Using the result in (ii) we have

* 2 o *
(Ru99 Ruse) B Ru,G Ruaﬁ Ruge RU,G

it

Q.E.D.

COROLLARY 4.1. . For any function p € LZ(QBa) the operator Pu 9

operating on p' defined as

= o' +R* R _(p-p")

P U0 1,0

i
H.0 0

is a projection operator mapping LZ(Q,a) onto the subspace p-{/\/(RU e)°

PROOF.  The operator PU is an idempotent operator, which can

,0
be shown as follows

i - i &% B i
Proe (e P ) = Phe® T Rie Ruaﬁ(p Pl,ef )
- i R* _ot) & op* L p* o )
e U99 R]Jse(p P ) RUse Rus@[:p P RUseRllae(p P )]
” ) 2 *
By Theorem 4 -we know th * =
% m 4 (ii1) we know that (RU56RU96) (RUSGRUae)3 and

therefore

P P H - 1 + * - i 3 _ i _ % _ i

olPugP) o TRy GR gl R oRygl0m0 ) RuaeRuse(p o)
= p' + R® R A (p-p")




2]

Further, one can show that P is Hermitian and the subspace p+/V(R

M0 U?@)

is equal to {p |P = p'}. Using [30, Theorem 3, p.44],

0,60
we know that Pu96 is a projection operator mapping LZ(an) onto the
subspace p<i/V(Ruae). Q.E.D.

This result has important application in developing an algorithm
for determining a solution to a finite set of projections Ruselpa
R

, R The algorithm is due to Kaczmarz [31],[41] and

Uaezps Tt UseNpﬂ
in computed tomography is more commonly called ART [27]. The concentra-
tion functions which have the same projections as the solution p are

. N .
those in the subspace 7 = (p +ig?/VYRu,6i}), If PugN is the

projection operation given by

then for an initial guess Po the theorem due to Kaczmarz shows

that Pi N Po COnverges to the projection of p_on 777 [31]. If p, is chosen
to be zero, then QEN(%) converges to the unique function o of smallest

norm that satisfies Rusei p = Rusei o for i=1,...,N.

4. The Continuous-Angle Projection Operator. In this section we

will investigate the attenuated Radon transform given in (2.2) for
continuous angle. First we will Took at some shift properties, then our
investigation will Tead to a discussion of the generalized inverse and
some of the spectral considerations for this transform.

The following theorem gives the result for attenuated projections
when both the concentration distribution and attenuation distribution are
shifted relative to a fixed coordinate system. The proof follows

immediately using (2.2) and is proven in detail in [28].
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THEOREM 5. The attenuated Radon transform of p(x+a,y+b) with

respect to the attenuation coefficient distribution u(x+a,y+b) is

(4.1) AMo(xra,y+b), nixta,y+b);E,0F = Afo(x,y), u(x,y)s€ .6} .

where & =& - a sin® + b cos6.
This result will become useful in section 5 when we digitize the
reconstruction domain and consider transforms of characteristic functions
over square pixels. If we know the transform at the origin we can
invoke the shift property given in Theorem 5 and evaluate the attenuated
Radon transform of characteristic functions over any region in qu

The result in Theorem 5 vrequires that the distribution of attenu-
ation coefficients u translate in the same manner as the emitter

concentration p. If we compare this with the situation where u is held

fixed, then we get a different result:

THEOREM 6. The attenuated Radon transform Au of p{x+a,y+b) s

given by

(4.2) Ao(x+a,y+b), ulx,y);8,6} = Afo(x,y), u(x-a,y-b);g',0} ,

where &' = £ - a sind + b coso.
This shows how the projection data will change when the concentration
is shifted within a fixed attenuator. This has practical application

for <n vivo dynamic studies.
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The results given in Theorems 1, 2, 3 and 4 used the attenuation
function a(x,y,-x sin® + y c0s0,0) as a weight function for the L] and
L2 spaces. Since a(x,y,-x sin® + y cos8,6) is a function of 9, we
define a new weight function a(x,y), which is independent of 6, in
order to generalize the results for a single projection angle to continuous

angle:

(4.3) a(x,y) = sup falx,y,-x sing +y cosese)}
6

The function a(X,y) represents the minimum attenuation that photons

emitted at (x,y) can possibly experience. Using a as a weight function,

2

one can show that A, maps Lj(R ,a) into LT(@). The adjoint operator for

this mapping is given in (2.6), where W=a and w=1:

(4.4) (Ai g)(x,y) = g(-x sin® + y c0s6,6)

x a(x,y,-xsind + ycose,6) de

2 5w,

In the following discussion we will investigate mappings on LZ(R
where W 1is an arbitrary nonzero positive weight function. This differs
from section 3 where we restricted the concentration functions to be
defined on a bounded open set Q C RZ, This approach is very much akin
to applying the Radon transform Ao to the function space LZ(stex2+y2)s

Later we will see that for this case the operator AOAS is Hermitian

and has eigenfunctions which involve the Legendre polynomials.
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DEFINITION. For a positive weight function W defined on st

the operators RU and R: are defined as follows:

(4.5) 1) Ry = Mgy Ay
(4.6) i) Ry = Mot A

where Az is given in (4.4). The notation W ' does not mean the inverse

mapping but the reciprocal function 1/W.

THEOREM 7. For a positive nonzero weight function W defined on Ez

and 1/W € LZ(RZ)Q the following are true:

i) R, mps ARG, AW) nto LE(CA 07,
ii) Rz maps LZ(EBAM(W)al) into LZ(RZ, aW)

PROOF. (1) Using Schwartz's inequality and the definition of AU

in (2.2), we see that

o

(A p)(E.0)] = {.5 0(z.£,0) alz.&,0) dz ]

5 %

< ( | lo(c.e,0)]© alc,£,0) W(z,2,6) dc)

[ atc.eormizeno) o)

%

’ Ip(CsSse)iZ a(z,£,0) w(csg,e)dc)z {[AU(W)“13(599)§

Since a(z,£,0) < a(r,£,0) where a s given in (4.3),
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: . \
I0(2,£,0)|% 3(z,E,0) w<csgse)d§>2§[Au<w>“11<g,e>§

The condition that W be a nonzero weight function insures that

[Au(w)ﬁl](gse) is nonzero. If p € LZ(RZBé W) then by Fabini's theorem,

2

] (Aup)(?;,@)

L
- [Au<w>“‘]<g,e>dgde>
A, (W) 1(E,6)

[ . 5
Io(xsy)lz a(x,y) N(xgy)dxdy> <

= = 2 31
Therefore Rup M[AU(W)EIZ 1 Aup € L (EgAu(w) ).

(i1) Using Schwartz's inequality and the definition of R; in (4.6),

we have the following sequence of inequalities:

(R* h)(x,y) = § h(-xsin® + ycos0,0) a(x,y,-xsind + ycos6,0)do

%

f(R* j h%—xsin64vycosege)

i

a(x,y,-xsinb + ycos0,6) n
a(x,y)

X a(X,y,-xsind + ycos6,0)dd
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Since a(x,y,-xsin® + ycos0,0) < a(x,y),
is less than or equal to 2m.

theorem, we have for h € Lz(ﬁgAU(W)ml)s

(R 0 ) (x,y) |2 200y (x,y)dxdy <

R

X

< g
RZ

X

Therefore, R h € L°(R%,aH).  Q.E.D.

Integrating over Rz

a(x

we know that the second integral

and using Fubini's

2

2T 2 .
o h“(~xsin8 + ycos6,8
W(x,y) }{ ( y )
0

Y s=Xsind + ycos6,0)do dx dy

2
W(x

i 2
m) }{h (£,0) a(x,y,£,0)
C

S{E +xsin® - ycose)dede dxdy

h*(£,0) [A,(W)7'1(€,0)dede < o .

An approach to solving the reconstruction problem in single-photon

ECT involves evaluating the generalized i

transform.

nverse of the attenuated Radon

We will first define the generalized inverse in the context

of emission tomography. Then we will show that if the composition of RU

and RZ has an LZ kernel [20] then the attenuated Radon transform and its

generalized inverse can be decomposed and

represented as a sum of eigen-

functions. The kernel for the composite operators RuRz and RzRu will

be evaluated; however, we cannot give an explicit expression for their

eigenfunctions.
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4.7. The generalized inverse. The generalized inverse is an

operator which is applicable to both finite and infinite dimensional
Hilbert spaces. Before the widespread use of the generalized inverse
in matrix theory [5],[6], it was developed to determine tﬁe sotution to
integral and differential equations [60]. We will develop the concepts
of generalized inverse in a manner similar to that given by Kammerer
and Nashed [42].

Reconstructing attenuated data for a known attenuation distribution

requires solving the Tinear operator equation

(4.7) RU(O) = po s

where RU:X + Y is the operator given by (4.5), o 1is the distribution
of isotope concentration, and Po is the projection. The concen-
tration p € X is called the best approximate solution of (4.7)

if inf {l Ru(p) = p,l loe X}=1IR(p) ~ p . This is equivalent to
minimizing llp -pl over all p € &(R,).  The minimum P, characterized
by the condition po(mﬁg is orthogonal to the space ﬁ(RU) (i.e.,

P, - p e ﬁ(RU)L)9 which is equivalent to Py - e /V(R;),

This implies that R;Ru(p) = RS(po)g Therefore, o € X is a best

approximate solution of (4.7) if and only if it is a solution of the

equation

(4.8) R'R (0) = R*(p,)
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The Tinear manifold ﬁ(RU) may not be closed in Y. Therefore,

the orthogonal projection of Po onto E(Ru) may not be in Q(RU) and
(4.7) and (4.8) do not have a solution. However, if we only consider
those projection functions which are in H(Ru) + <§«’i(RU)‘L (if

ﬁ(RU) is closed then ﬁ(RU) + (S%(RU)’L = Y), the solution to (4.7) is

determined by evaluating the generalized inverse RE of the

operator Ru, RE is the mapping whose domain is given hy
X§(RS) = ﬂ(Ru) + Q(Ru)l, such that for péfé%(Rﬁ)g

(4.9) R'p = p. € S = {pe X]infl Ru(p)spii = HRU(S)»pH , pE X}

™o

and llo Il < lipll for all peS, p#p_. Therefore for each
o o

u)i = &9(R5)9 Rg(p) is a unique solution. The set S

of all best approximate solutions of (4.7) for a fixed P, € X9KRS) is

p € az(RU} + ®(R

given by

(4.10) Rg Py +,JVQRSRU) = RS pguvaKRu)

It can be seen from (4.10) that the null space of the operator Ru is a
measure of non-uniqueness.
Next we will derive a formula for the generalized inverse when the

operator Ru is compact. If Ru is compact, then Q(Ru) is closed and
Lo
Q(RU) + {R(R“) = Y.
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4.2. The singular value decomposition. From (4.8) we see that the

generalized inverse of Ru is closely related to the generalized inverse
of the self-adjoint operator R;Ruv In fact,

G

= = *
(4.11) 0o = Ripy = (R,

G
o )

R (pg)

In the discussion to follow we will show that the knowledge of the

eigenfunctions of RZRU and RuRz lead to a singular value decomposition

G
of RU and Rua

If Q(Ru) is closed,then by the closed-range theorem [74], R(Rz)

is also closed and @(RZ) =,¢?Ru)l

operator R:Ru restricted to the space ﬁ(Rﬁ) z/V(RU)l is a one-to-one

- * =
R(RURU)S In this case the

and onto mapping of/VYRU)i onto itself. The operator RSRUzp » B is

given by a Fredholm integral equation of the first kind:

(4.12) B(x',y') = 5 p{x,y) Kix',y'|x.y) dxdy .

where K is the kernal of the transformation. For the Radon transform

2(R?)

Agil +—L2(€) this kernel is the well-known function
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(4.13) Kix'y | xoy) =

where v =(x,y) and r' = (x',y') and for which the result in (4.12)
is a convolution.
The following theorem gives the kernel K for the operator R;RU,

The space of projection functions LZ(E,W) has the weight function

w(£,0) = (A, T/W)(E.0)

where W s a nonzero positive function on RZ and 1/W € LZ(RZ)a

THEOREM 8. The composition of the adjoint operator RZ defined by
(4.6) and R, defined by (4.5) maps p € L“(R?, 3W) into B e L2(R%,5u)

(RSRM:Q + B), where B is given by (4.12) with the kernel K given by

(4.14) Kix'sy'|x,y) =

x expg u(b+c’e9c+gf dcéw&e
d d!
' expé uib - c'e,c - ' f)de’ Lb-f:'eacé(;fdgémﬂéﬁ
*v2
“d dl
where
(4,15) 'S"Zn@l = =wi~:~¥s;«— s cog@l = J“L&m .




(4.16)

(4.18)

(4.19)

(4.20)

(4.27)

(4.22)

(4.23)

PROOF .

di
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sing, = “ly-y') cosf, = “(x=xt)
r af'H e wr'H
ooexly=y') o, vk - x') ,
e =r" Iy %E‘H
CxOex) bylymy) | (Dl .
Iy -r'l I =§'H
i ) i P ( ! s -r' }
_oxX(xext) yt(yey') K (r-r") 9
e cf‘H e ag’ﬂ

See

_ Ly=y') (yx' -xy")
7
Hf -r i

o e ) (xy!t -yxt)
”f “f'”

the proof of Theorem 3.3 in [28].
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The angles 0, and 0, in Fig. 3 are the two projection angles at
which the points r and r‘ will project along the same line. The
arguments for the exponentials in (4.14) represent the integrals of the
attenuation coefficient between the point r and the detector and the
point r! and the detector for the projection angles 6, and 0,, respec-
tively. Therefore, the function K 1is proportional to the inverse of
the distance between the two points r and r' times the weighted sum
of attenuation factors which represent the attenuation between the
respective points r and r' and the detectors as viewed from angles
180° apart.

It follows from the next theorem that the kernel function for the
composite of the attenuated Radon transform and thé back-projection
operator given in (2.8) allows us to write (4.12) as a convolution only

if the attenuation distribution is constant.

THEOREM 9.  For the back-projection operator B, defined by (2.8),
the operator B/A :p > 8 maps p into B where B is given by (4.12) with

the kernel given by
}
L ub+c'e, c-+;'f)dg’§ ,

(4.24) Kix',y'|xy) = — 2__ cosh
e =t

where d, d', b, ¢, e, and f are given by (4.18)-(4.23).

For the Radon transform Aos it has been shown by [2 ],[12],[29] thét
representing (4.11) as a convolution Teads to an efficient Fourier filter
algorithm which is able to deconvolve the back-projected image 8 to

obtain the reconstructed image 0. However, for the attenuated Radon
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—
- Detector
&6, y at 8,
/
/é’//g\ .
&/a% —
e
g ¢ 6
6 X A
< —
= —Domain of p
j QQZ
Detector A Lo
G? 92 XBL7912-3944
Fig. 3. The integrals in the first exponential of (4.14) are the line

integrals of the attenuation distribution p along the line from the points

rand ', respectively, in the directi
grals in the second exponential of (4.

The inte-
of u

on of the detector at 9
14) are the line integr

b

along the line from the points ¢ and r', respectively, in the direction

of the detector at 62,
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transform, (4.12) is a convolution only if u is constant. Even then if
u >0, an algorithm cannot be devised since the back-projected image B
does not have a finite Fourier transform.

In the previous discussion we evaluated in Theorem 8 the kernel

for the operator RERU, Next we want to do likewise for RURZ°

If &(R is closed, we know by the closed-range theorem that

)

Q(Ru) = /VYRZ)i = ﬁ(RUR:), Since the solution to (4.7) is equivalent

to minimizing iip-p I over all p & @(Ru)g then when R(Rp) is closed
the solution to (4.7) is equivalent to minimizing HRURZ p ~pOH over all
p e ﬁ(RURﬁ)a This gives a different formulation of the reconstruction

problem, namely, the solution to the linear operator equation
n * -
(43213) RURU p - po b4

where the reconstructed isotope concentration function o is given by
o = RE P, such that p is the best approximate solution to (4.25).

The operator RUR: restricted to the space Q(RH) is a one-to-one and
onto mapping ofJQKR;)l onto itself. The mapping RURS:p + g is given by

(4.26) 9(£,8) = ffp(e'.0") 1(g,0]g",0") dg'de’

~where I s the kernel of the transformation. For the Radon transform

AO:LZ(RZ) > 12(¢), this kernel is

1
|sin(o -e")|

(4.27) I(¢,0]6',0") =
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THEOREM 10. The composition of the operator RU defined by (4.5)
and Rz defined by (4.6) maps p € L2(¢9w) into g € Lz(mgw)(RuRZ:p > q)

where ¢ 1is given by (4.26) with the kernel I given by

Cony i(e,0]8',0")
(4.28) 1(£,0] ,8 ) = s
W(x*,y*) a(x*,y*) w(g,0)

where

(4.29) E(Eseii'se‘) S — | L(-£ sino + ¢ cos6, £ cosd
[sin(0-0")]
© [¢]
+ ¢ sin®)dz ﬁgéf u(-g' sine' + z' coso', £ cose' + ¢ sine')dz'
Co -
and
(4.30) ., = & cot(e' - 8) - £ csc(e' -0) ,
(4.31) gf@ = £ csc(e' - 0) - £ cot(e' -8) )
(4.32) o = EcosB - c0s0’ 3
sin(e -9")
(4.33) . £ sing - £ sing’
sin(e -0")

PROOF. See the proof of Theorem 3.5 in [28].

The coordinates (cogé) and (:g,g') are the intersection shown
in Fig. 4 of the lines £ + xsino - ycoso = 0 and £' + xsin®' - ycos®' = 0
in the z&- and ¢ &' -coordinate system, respectively. The line integrals
in (4.29) represent integrals of the attenuation distribution u along

the two Tines from the point of intersection.
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Detector ot 8

Detector at 8’

XBL7912~3943

Fig. 4. The first integral in the exponential argument of (4.29) is the
Tine integral of the attenuation distribution u along the line

E+xsin0 - ycos0 =0 from the point of intersection with the line

E' +xs5in0’ -ycosd' = 0. The second integral is the integral of p along
the line £' +xsind' -ycosd' = 0 from the same point of intersection.

The distances d and d' satisfy d = Ecot(6-0") - &'csc(6-0') and

d' = fcsc(0-6') - &'cot(6-6"), and the coordinates Z, and cé satisfy

Ly = - d and oy = - d', respectively.
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If we examine the kernel given for the Radon transform
A L2(RY) » L2
O n o
integrable (i.e., // Z/waf’nz drdr' < e ). However, if we restrict
o
the space of functions which we will consider by using weight functions

2(C.m),

> L°(C) in (4.13), we see that it is not square

W(x,y) and w(x,y) # 1 for the Hilbert spaces LZURZQMD and L
we can apply Hilbert-Schmidt theory [55],[65],[73] to determine

a singular value decomposition of R:Ru and RUR:. We consider
only those kernels for these Hermitian operators which are L2 in the
sense that

RGP ) drdr <o

and R?

/

R

jﬂ,l(wlw’);z w(w)w(@‘) dw d@ <
£e

i

The kernel K is Hermitian if K*(r|r')

~

K(r'[r) where the adjoint
R . 5 t — L |
kernel is defined such that (Kp9p>[R2sw = {p,K 9>R29w“ (Hére the

notation of Kp means the same as R:RU operating on p.) For the Radon

2
2(R29W) N LZ( Xty

transform AO:L C,w) with the weight functions W(x,y) = e

2
and w(£,0) = et [217,[49]1,[52], the Hermitian LZ kernel for A;AO is

D 5 m<v”,r’=r>2
(4.34) K(x',y'|x,y) = — exp] ———"—
e - vl r'= vl
k-
—and for AOAO is
. 1 -[&" - £cos(0- 6')]2
(4.35) 1(¢,0lg,06) = e @XD , .
[sin(e-0")| sin®(p -0")

Other weight functions for the Radon transform have been investigated

by Marr [51] and Davison and Grinbaum [17].
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If the kernels given by Theorems 8 and 10 for the Hermitian operators
RSRu and RUR: are LZ kernels, then both have the same set of eigenvalues
Ai‘ We will denote ®i(xsy) to be the eigenfunctions of the operator
R;Ru corresponding to the eigenvalue A; and denote wi(g,e) to be the
eigenfunction of the operator RURZ corresponding to the same eigenvalue Ki“
The system (¢ig¢i;xi) is called a singular system for the kernel K
corresponding to R:Ru,and (wigwigki) is a singular system for the kernel
I corresponding to RURZ [65]. The eigenfunctions ¢; are orthogonal
relative to the weight function W(x,y) (iwe°5~[Y§i(x9y)¢j(x,y) W(x,y)dxdy
= éﬁj) and the eigenfunctions wi are orthogonal relative to the weight
function w(&,8). The kernel K corresponding to the operator RZRU is a

Tinear combination of @i(x'gy‘)cpi(xgy)a

[

(4.36) K(x',y" |x,y) = 22

é As@ @%(xasya) @f(xs‘y) %é(xgy)
i=1

[65], and the operator R;RU operating on the function p(x,y) is

(4.37)  (RR, o) (x"sy") = p(xsy) ¢4 (xsy) Wix,y)dxdy ¢, (x".y').

Likewise the kernel I corresponding to the operator RﬂRz is

[ o

(4.38) (eg.6]E',0') = 25 Av,(£,6) v, (£',0') w(E',0') ,
i=1

and the operator RURS operating on the function p(&,8) is given by

(4.39) (RURS p)(gge) = Z% )\ilgﬁﬂp(ges@a)wi(gsﬁeﬂ)W(gﬂseﬁ)dgﬂdeew%(gs@)n
i=
C



-39

2 2 2
For the Radon transform AO:LZ(RZSeX Ty ) +L2(G39eg ), the operator

A:AO has the eigenfunctions

% [n| In| 22
k ki . nig, 2, 2
(849) oglry) = (D[t | ersantmiy) L e

n . .
where LL | are the Laguerre polynomials. The eigenfunctions Wnk

for the operator AOAS are

ro2|n|+4k

-k in® -£*
(4.41)  y, (E.0) = LZ

k!(]n]%~k)l] e H (g) e
[n[+2k

where Hm(g) is the Hermite polynomial of degree m.
If the eigenvalues kﬁ and eigenfunctions ¥ and s are known,

then RU can be writter as

(4.42)  ®e)E:0) = T a2 [ folxy) ¢ (xy) Gey)axdy vi(E.0)
i=1 ~

where (¢j,wigki %) is a singular system for RU [65]. From this

singular value decomposition of RU’ we can write the cgeneralized inverse as

G -
(4.43) (R} py)(x.y) =

32 b (6000 v3(£.0) w(E,0)dEd0 ;(x.y).

Explicit expressions for the eigenfunctions ¢i and wi have not been
expressed for Ru if u > 0. However, the structure developed in
Theorems 8 and 10 guarantee the existence of eigenfunctions if the
weight function W is chosen so that the kernels K in (4.14) and 1

in (4.28) are L°.
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5. A numerical method for reconstructing attenuated projection data.

The practical implementation of inverting the attenuated Radon transform
given in (1.2) requires that the relationship between the unknowns
representing the distribution of the concentration of radionuclide

and the observed projection values pe put in a form tractable for
digital processing. In this section we will show how the continuous
transform reduces to a discrete linear transform that uses a matrix
equation to represent data measured at discrete angular and lateral
sampling. A complete description of the discrete transform involves
obtaining projection data from a transmission experiment and reconstructing
these transmission data. Then the reconstruction of the emission data is
determined with iterative algorithms that are capable of solving large
systems of Tinear equations [38].

To represent the concentration function o and.the attenuation
function p digitally, one must parametrize these continuous distributions
by a finite array of numbers. The parameters are coefficients of an
expansion of basis functions for the continuous distribution. There
are many collections of basis functions that can be used; however,
the choice depends not only on the errors incurred by the numerical
approximation of taking only a finite number of terms in the series
expansion, but also on the amplification of statistical noise and the
efficiency of calculating the continuous distribution.

We will consider an orthonorma?Ibasis which is a set of characteristic

functions defined over recfangu?ar pixels. Suppose that the region Q as

shown in Fig. 5 is divided into disjoint rectangular regions called



N
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XBL793=3298

Fig. 5. The rectangular region Q is divided up into disjoint rectangular
pixels Qij with width a and height b.

m'[v@
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pixels for i =1, ... ,M and J =1, ... ,N:

where a is the width and b is the height of the rectangular pixel Qijb
Later we will show reconstruction results for square pixels (a=b) but
for the present we will keep the discussion more general. Over these

rectangular regions we define the orthonormal basis as

o 7 = .
if (x,y) 913

otherwise

Using these basis functions, we can expand the function p as

M N
(5.2) o{x,y) = E: E: j (x,¥) »
R

where

a(2i-M)  b(2j-N)

¥ 2 /4

(5.3) pij = (515>2 j j p(xgy)dXdy .
a(2i-M-2) b(2§-N-2)

2

™o

The coefficients pij are the average value of the concentration over the

rectangular region §§j.
The basis {Xij} given by (5.1) is referred to by Rosenfeld and Kak

[61] as standard sampling and is chosen primarily for its computational
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efficiency. The disadvantage of choosing these basis functions is that
the approximate function p can have sharp boundaries [33]. Thus the number
of pixels chosen must be large enough to be a good approximation for
even a smocﬁhTy varying function. A generalization of standard sampling
is the finite element approach [67], which uses basis functions that are
piecewise Tinear polynomials in two variables whose supports are
polygons that possibly overlap. Other possible basis functions include
Fourier and Bessel funétionsp

The evaluation of the attenuated Radon transform of the basis
functions Xij is simplified if we consider the attenuated Radon transform
of the characteristic function of a rectangle with sides a and
b positioned at the center of rotation. Then the corresponding

transforms of Xij are obtained using the shift property given in

Theorem 5. This gives

. g} =
Axy 5 (xsy)s myy x45(xs¥)5 €,61
0 i Slsin o 4 ?%cos o < ¢+ [a{2i-M-1)/2]sin 8 ~ [b{2j-N-1)/2]cos @

€os 6 S\ﬂ

"7}){] B exp{ <“/2 BELII. f? [ms BL—QH} 1fl%!sin 8| - ?lco& e]]: g+ {af{2i-M-1}/2)sin 8 ~ [b{2j-N-1)/2)cos 8 <« - %]sin o) + g-lcos ]

(5 4) J ;:][‘ - EXP[-UU Tc’:?eTH it Flsin o] - §-|ms ol < €+ [a{2i-H-11/2)5in o = [b(2§-N-1)/2]cos 0 < - §sin o] §|cos 8|
:};{1 - pr[-g” 'Ts'ignwe]"}} if -;]sin 8] ¢ g)cos o} < ¢+ [af{2i-M-1)/2)sin 8 = [b(2j-N-1)/2]cos @ < %|s!n 8] - g]cos CH

_i.,{ . exp{*uij(‘t/w 2 Isin 8] + b/2 fcos & u)U 1t Sstn sf - g’lms o < ¢+ [afZi-M-1)72)sin 0 ~ [b(25-N-1)/2]cos & <[Flsin o] - g’icos ol

vij Tcos o] [sin 8

0 10+ [a(2i-#1)/2)s0n o = [6(2j-K-1)/2]cos o < - $[sin 0] - Flcos of .

The attenuated Radon transform of the radionuclide distribution

given by (5.2) with an attenuation distribution

M
(5.5) nix,y) = Z Z Mo Xin O0Y)
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is
MoN
(556) p(gﬁe) = l p»’ij Sﬁj(gse) ,
i=1 =1
where
(5.7)
(£,8) = ADX;;06¥)5 1y 555 06y)58,0} xpg %1 gumnAo{xmn(x,y);gﬂe}E
(m,n) € Ey
and
(5.8)
Eg5 = L(m,n)[ma cos0 + nb sind > fa cosd ¥ 3b sind, 1<m<M, 1<n<n} .

The attenuated Radon transform A{Xi A%,y “13X13( ¥y)3£,0} of the
characteristic function Xij is given in (5.4). (This characteristic
function has, over its support ijs a constant attenuation coefficient
pij,) The function Ao{xmn( X,y):E,08} is the Radon transform of the
characteristic function Xon

If the projections given by (5.6) are sampled for a finite number

of angles 6 2=T1,...,L and a finite number of points gk* k=T1,...,K

2/5
for each angle, then the reconstruction of the radionuclide distribution

is the solution to the following system of eguations

N .
(59) D D po:siilEs8,) = D(E-8,)s  keloo.. K s
i=1 j=1 =1, ...0

To simplify notation, (5.9) can be rewritten in matrix form

by resorting to a lexicographic or stacked notation which
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contracts the double indices (i,j) and (k,2) to single indices i' and k'

respectively. Thus,

{(5.10) Ao = P

where A is a KL xMN matrix with elements A = Sij(gkaez) such that
i' = (j-1)xM+i and k' = (2-1)x K+ k. The vector p has elements
Pyt = pij’ and P is a vector with elements Pt = P

The estimate p for the radionuclide distribution minimizes the

feast-squares function

2

(5.11) (o) = (Ro-P)T o7F (Ao-P)

where ¢ is a covariance matrix for the data and is a symmetric positive
semidefinite matrix. The estimate is given by the following two

equivalent forms

(5.12) b= (o) gEp :
(5.13) 5= A el

where G denotes the Moore-Penrose generalized inverse [ 571,[6].
The least squares solution p is the best approximate solution to

the system of equations
(5.14) o Ap = 7P,

and p is the best approximate solution of (5.14) if and only if 5 is

a best approximate solution of

(5.15) A
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In most cases the data collected from any patient study requires
the determination of a best solution to an inconsistent system of
lTinear equations. The inconsistency in the data comes from such physical
factors as statistical noise in the data, inadequacy of the model, and
patient movement.

The dimensions of the matrix A are too large in all practical
applications so that at présent the solution to the best estimate p
cannot be found by matrix inversion using (5.12) or (5.13).

Therefore, we must resort to iterative methods to minimize

the x° function in (5.11). There are two principal types of
iterative reconstruction procedures: (1) those which adjust the
parameters involved in one or a small number of projection constraints
at each jterative step — the ART-type methods; and (2) those which
adjust all the parameters based on information from all the projection
samples at each iteration — the SIRT-type methods.

An ART (for Algebraic Reconstruction Techniques) method was first
proposed by Gordon, Bender and Herman [27] and is based on a theorem proven
by Kaczmarz [41]. A tutorial on ART was Tater published by Gordon [26]
and a description of other ART methods along with optimization criteria
and theorems on the convergence of the algorithms to optimum images was
given by Herman and Lent [32]. A method for incorporating errors with
the ART-type algorithms was described by Huebel and Lantz [37]. For
the finite-dimensional case, the proof of convergence for consistent
systems is given in [33],[68]. Convergence rates for this iterative
procedure are analyzed by Hamaker and Solmon [31]. In ART, a new solution

is given by

(5.16) pm’\I = p o+ q" )
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where
n G n 1 T n
= ° o T 25 = N o = PR ) 5
(5.17) q aj {pJ <aJ o )} “a-uz a; { P; <aJ p )}
J
(5.18) j = nmod KL+1 no=0,1,2,...

K s the number of projection bins, L 1is the number of projection
angles, aj is the j-th column of A, and Py is the j-th projection sample.
The operation in (5.16) is equivalent to operating on pn with the

discrete analogue of the operator Pp in Corollary 4.1, namely, the

0
operator P .:
- HsJ

G n
5.19 P o0 = o+ oa. C(a.. o) T
( ) L3P p ; {DJ 320 }

5 represents a continuum of samples at the

projection angle 6, whereas Pu i corresponds to one projection bin at

Note that the operator Pu

the angle 6.

SIRT (for Simultaneous Iterative Reconstruction Techniques) methods
were first applied to reconstruction tomography by Goitein [25] and
Gilbert [24]. Later, steepest descent methods and conjugate gradient
methods originally developed by Hestenes and Stiefel [34].were
imp?emented by Huesman and co-workers [38]. A more recent paper about
SIRT-type algorithms is by Lakashminarayvanan and Lent [46]. These
iterative schemes basically determine a direction qn and a step length

o for each iteration such that the new solution is given by

(5.20) pn+? - pn + " qﬂ
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The step length calcutation o is determined so that Xz(pn+1) =

X2 (o" + o™ q") is a minimum. It was shown in [38] that Goitein's
method 1s the same as a steepest descent method in a transformed space.
In most cases, convergence of the iterative process is accelerated by
performing such a scale change on the parameters. The scale change is

given by
(5.21) o = Dp

where D is a diagonal matrix with diagonal elements equal to

LA

- T -1 ‘
The iterative stepping is performed on the transformed variables p'

and the final reconstruction is obtained by the operation
(5.23) o = D' p

A mathematical approach to analyzing the rates of convergence for
steepest descent and conjugate gradient methods is presented in [42]
and [54]. Simulations in [28] show that the rate of convergence is a

function of the attenuating medium.

b. Applications. The algorithm illustrated in Fig. 6 can be used
in single-photon ECT to reconstruct radionuclide distributions from
projection data which have been attenuated by a variable attenuation
coefficient. This algorithm uses subroutines from the RECLBL Library

[38], a package of computational subroutines that apply to the
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ALGORITHM FOR VARIABLE ATTENUATION CORRECTION

17 cm_

INPUT THE PROJECTION
DATA FROM THE
TRANSMISSION SCAN

TRUE IMAGE

Q= 3958c?r1
RECONSTRUCT THE

TRANSMISSION DATA

M =.05 cm\

EVALUATE FOR EACH
ANGLE 8 THE
ATTENUATION FACTORS

RESULT 8 (€1, 1)

INPUT THE PROJECTION
DATA FROM THE
EMISSION SCAN

RECONSTRUCT THE
EMISSION DATA

RESULT

XBB 793-3411

Fig. 6. Algorithm for reconstructing emission data attenuated by a
variable attenuation coefficient. Transmission data is reconstructed in
order to determine the actual attenuation factors s. GQ) in (5.7).
The emission reconstruction uses these factors to cor%pensate for attenu-

ation.
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reconstruction of transverse sections from projection data. A transmis-
sion reconstruction is first done to accurately determine the attenuation

coefficients. Then the factors s (ik,eg) are evaluated using (5.7).

iJ
The radionuclide distribution is then reconstructed using an iterative
algorithm to fit the emission projection data.

This algorithm requires two reconstructions: one for the
transmission data to obtain the attenuation coefficients and one for
the emission data to obtain the final reconstruction. Errors in
the reconstruction of the attenuation coefficients will increase the
errors in the emission reconstruction. These errors in the emission
reconstruction are the result of noise propagated from three sources:
(1) statistical fluctuations in emission data, (2) statistical fluctua-
tions in the incident trahsmission beam, and (3) statistical fluctuations
in the emerging transmission beam. These sources of errors can be
evaluated based on the percent root mean squared (%RMS) uncertainty
of the target area of interest. The %RMS uncertainty = 100 o(p)/p,
where o(p) and p are the sample error and the sample mean, respectively,
over a region of a finite number of pixels. Simulations in [28] indicate
that the %RMS uncertainty of a distributed source in a 20-cm diameter
region with p = 0.15 cm™’ cannot be better than 9.8% even with infinite
statistics if the éttenuation coefficients are defermined using an
incident transmission beam of 1000 photons per projection ray
(4.2 x 10° total photons).

Single~-photon ECT with attenuation compensation has been applied
to both human and canine studies using various radionuclides [10].

The ability to image a particular organ depends on the ability of the
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organ to take up the radionuclide compared to the surrounding tissue,
the energy of the emitted photon, and the measured statistics for both
emission and transmission. For example, the use of radionuclides for
myocardial imaging generally gives a low target-to-nontarget contrast
ratio. For high~enérgy radionucTides such as potassium-43, rubidium-82,
rubidium-81 and -82m, and cesium-129, fewer photons are attenuated as
compared with T1-201 and Cs-131; however, the contribution of activity
from back muscles and lungs tends to wash out the image on projection [15].
The anterior myocardium is well visualized with Tower energy radionuclides
such as cesium-131 and thallium-201; but photons from the posterior
myocardial wall are greatly attenuated and quantitation of septal and
posterior wall defects is seriously limited. The fundamental problem
is not so much the specificity of uptake of radionuclide in the organ vs.
uptake in the contiguous tissues, but the physical properties of the radio-
nuclide that one can correlate with attenuation coefficients, which in
turn dictate the required statistics to insure a desired precision.
Results from a study showing abnormal accumulation of isotope in
two tumors in a 50-year-old woman are shown in Fig. 7. This study was
done one hour after injection of 15 mCi of 99mTcapertechnetate (140 keV).
Normal brain tissue is either relatively or completely impermeable to
the passage of most radionuclides from the blood. In contrast, brain
tumors are much more permeable than normal brain, and this results in
a significantly higher relative concentration of radioactivity in the
tumor. For the study shown in Fig. 7, the projection data were
collected in 10° increments over 360° which gave approximately 240,000

counts per slice. The attenuation coefficient was assumed to be constant.
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Tc-99m TUMOR
ACCUMULATION

BRAIN TRANSVERSE SECTIONS

XBB 7711-7514

Fig. 7. Transverse sections §howing abnormal accumulation in the head of
a 50-year-old patient using 9 Mre-pertechnetate and 36 views., The mea-
sured number of emission events for each section are (from bottom to top)
220,582, 251,213, 265,286, and 222,584, respectively.
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Simulations done in [28] indicate that for perfect transmission statistics
the %RMS uncertainty is between 91.5% and 41.5% for attenuation
coefficient u = 0.15 cm™ ' and emission counts of 2.5 x 10°. This means
that tumors with a contrast of 2 to 1 can be seen, but their boundaries
are hard to delineate.

Potassium and potassium analogs such as cesium have a high affinity
to the heart because of the high muscular and nerve activity. Transverse

729Cs in the human myocardium are shown in Fig. 8 for

section images of
a patient who had had four myocardial infarctions. The study was done

by taking views at 20° increments. A transverse section reconstruction

of attenuation coefficients was performed first to correct for attenu-

ation in the emission reconstruction. Section 4 shows a paucity of

uptake 1in the posterior wall and septum consistent with electrocardio-
graphic findings. The Teft myocardial wall, séptums and right ventricular
myocardium are recognizable. The dome of the Tiver is seen in sections

2 and 3, as would be expected, since the liver accumulates cesium and
potassium analogs with about the same avidity as the heart. In order

to obtain the correct attenuation coefficients for Cs-129 (375 keV-48%),

the results of a transmission study using Tc-99m (140 keV) were extrapolated
using the tables in [40] for attenuation coefficient versus energy for
tissue, so that the attenuation coefficients correéponded to the 375 keV
photons emitted from Cs-129.. This means that in tissue the attenuation
coefficient is approximately 0.11 cm . The transmission study in Fig. 8
has a %RMS uncertainty of at least 15% for an incident number of photons of
almost 4000 per projection bin. The %RMS uncertainty in the emission

images is approximately 50%.



HUMAN MYOCARDIUM TRANSVERSE SECTIONS

Cs-129
Tc-99m EMISSION CORRECTED
TRANSMISSION FOR TRANSMISSION

4

TRANSVERSE
SECTION

RIGHT ATRIUM LEFT VENTRICLE

ANTERIOR
PAPILLARY
MUSCLE

INTRAVENTRICULAR
SEPTUM

RIGHT VENTRICLE

XBB 749-6039

Fig. 8. Transmission and emission transverse sections of the thorax in a 60-year-old
patient with four myocardial infarctions. Septal activity normal, but anterolaterial
activity low. The measured number of emission events is: plane 2-— 247,903, plane
3~ 233,989, plane 4 — 220,230, plane 5 — 205,529. The incident number of photons
per projection bin for the transmission study is: plane 2 — 3,558, plane 3 — 3,801,
plane 4 — 3,942, and plane 5 — 3,822.

gvgm
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When injected intravenously, selenomethionine is rapidly removed
from the blood and incorporated in protein synthesis. The isotope will
eventually reappear in plasma proteins. Selenomethionine concentration
in muscle is much tower than in the thyroid, parathyroid, or blood
because of the slow turnover rate of muscle protein. A study shown in

758e=se1enomethionine (136 keV-

Fig. 9 was done on a dog to see how well
57%, 265 keV-60%) is taken up in the heart. On the left are two
transverse sections demonstrating the position of the heart in the

chest with sufficient resolution to show the esophagus. The accumulation
of 75Se in the myocardium is shown on the right. The %RMS uncertainty

is at most 90%.

IMr_sulfur colloid in the liver and spleen is

The accumulation of
shown in the transverse sections of Fig. 10. The Kupffer cells of the
Tiver remove foreign substances from the blood and hence will accumulate
the labeled sulfur granules of 1 um in diameter {see also Fig. 1 and
discussion in section 1). The better the liver is functioning, the more
99mTc attached to sulfur colloid will be available for imaging; that is,
the functioning liver becomes labeled. The time required to reach a
steady state accumulation is 3 to 5 minutes, and the time during which
the distribution of concentration remains constant is 30 minutes or longer.

The %RMS uncertainty is at most 41% for the images shown in Figskioq



DOG MYOCARDIUM
TRANSVERSE SECTION

TRANSMISSION RECONSTRUCTION EMISSION
Tc-99m Se-75 METHIONINE
PROJECTION TRANSVERSE TRANSVERSE PROJECTION
SECTION SECTION

SPINAL COLUMN

LUNGS

| ESOPHAGUS

~ HEART

XBB 740-8045

75

Fig. 9. At the right, accumulation of "“Se-selenomethionine is seen in the dog myocardium
after intravenous injection of 750 uCi. These cross-sectional images were reconstructed from
36 projections over 360° with a total of 128,103 events for the bottom image and 113,092 for
the top image. The transmission study shown on the left was performed using an 8-mCi point
source of 99MTc, three meters from the subject. This gave an incident number of photons per
projection bin for each of the 18 projections over 180° of 4,449 for the bottom cross section
and 4,730 for the top cross section. The light bands across the projection images indicate the
level for the transverse sections.

==.995.
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HUMAN MYOCARDIUM, LIVER,
SPLEEN TRANSVERSE SECTIONS

Tc—99m 99mTe - Sulfur Colloid

TRANSMISSION EMISSION

No correction Correction for
for attenuation attenuation

XBB 767-5951

99m

Fig. 10. Accumulation of Te-sulfur colloid in transverse sections of the Tiver
and spleen are shown both with and without attenuation correction using the transmis-
sion reconstruction of the attenuation coefficients. In 72 projections over 360° the
emission gvents in eagh transvers section ﬁoga1ed from botth to top: 4.10 x 10
4,58 x 10, 3.56 x 10%, 2.69 x 10 1.69 x 10°, and 0.81 x 16° events. The 1nc1dent
number of photons per progection b1n for the transmission study is, from the bottom
to top: 1,556, 1,616, 1,611, 1,575, 1,534, 1,492, and 1,396.
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7. Conclusions. This paper has developed a mathematical theory
for single-photon emission computed tomography. The practical application
of reconstructing projections attenuated by a variable attenuation
coefficient was shown to involve iterative techniques of implementing
a generalized inverse of the discrete attenuated Radon transform.

A major concern in the study of the attenuated Radon transform is how the
magnitudes of the attenuatﬁon coefficients affect the rate of convergence
for the jterative methods and how they amplify the statistical fluctua-
tions of the meésured data in the reconstructed image. Presently tracers
are usually evaluated based on the specificity of the tracer to the target
organ for the desired pathological study so that there is sufficient
contrast between the target and surrounding tissue. They are also
evaluated based on the camera system's ability to sufficiently collimate
high-energy photons for isotopes such as Cs-129 or eliminate the Compton
scattered photons by energy selection for a low-energy radionuclide such
as 99mTc. However, simulations in [28] have shown that the rates of
convergence for the iterative algorithms and the amplification of
statistical errors for the iterative methods are a function of the
magnitude of the attenuation coefficient. Therefore these tracers must
also be evaluated based on the iterative algorithms’ ability to accurately
reconstruct the true concentration distribution in Tight of the increased
statistical uncertainty for large attenuation experienced by Tow-energy
radionuclides such as T1-201.

The eigenfunctions and the spectrum of the operators RuR; and R;RU
are an important mathematical construct because they give insight into

how errors in the reconstructed image are propagated due to measurement
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errors. If weight functions in Theorems 8 and 10 are chosen so that the
kernels K{(4.14) and 1(4.28) are L2 kernels then there exist eigenfunctions
for RURz and R;RU, However, explicit expressions for these eigenfunctions
have not been developed for even the simplest case of constant attenuation.
Only for the Radon transform have the eigenfunctions of A:AO been

expressed analytically [21],[49],[511,[52],[75]. The eigenfunctions

of AOAg have also been developed for various weight functions by

Davison and Grinbaum [17].  Therefore research has been continuing to
either analytically or numerically calculate the eigenfunctions and the
spectrum for RURZ and R;RU,

Inversion of the discrete attenuated Radon transform requires using
iterative algorithms to reconstruct projection data attenuated by a
variable attenuation coefficient. These aigorithms converge with
acceptable errors within 15 iterations for most radionuclides used in
nuclear medicine. Simulations [28] have shown that the rate of
convergence decreases as the magnitude of the attenuation coefficient

1

increases above u = 0.19 c¢m ' for a 30-cm diameter disk, so that at

L= 0.60 cm” !

the result does not converge to an acceptable error
criterion even after 30 iterations. This means that energies of photons
emitted in tissue of less than 22 keV should not be used in single-photon

131

ECT. The isotope of Cs has a very low energy photon of 34.5 keV

(x-rays of xenon) which has an attenuation coefficient of 0.27 cmwv1 in
tissue. This isotope can be used for reconstructing transverse sections
of the body in most areas where there is solid tissue; however, the

presence of bone may yield artifacts due to the photoelectric absorption

of calcium leading to an attenuation coefficient of 1.3 cm“TB Isotopes
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of T1-201 (73-80 keV, u = 0.18 cm;{)9 Tc-99m (140 keV, u = 0.15 cmq)9

1 1

Se-75 (136 keV, u = 0.15 cm ', 57%; 265 keV, u = 0.125 cm~

1

, 60%), and
Cs-129 (375 keV, p = 0.11 cm ', 48%) have been used for ECT with good
contrast and spatial resolution.

Simulations [28] have also shown that the %RMS uncertainty increases
with an increase in the attenuation coefficient. With the doses of radio-
~ pharmaceuticals presently used in nuclear medicine, the %RMS uncertainty
in the reconstructed image ranges between 50% and 20%. Also errors in
a transmission reconstruction used to determine the attenuation factors
(5.7) induce additional errors in the emission reconstruction. This
means that using Tc-99m as a brain scanning agent, the reconstructed
%RMS uncertainty can be no better than 9.8%, even with infinite statistics,
if the attenuation coefficients are determined from a transmission
experiment with 1000 (4.2 x 706 total photons) incident photons per
projection ray.

If the attenuation coefficient is constant, explicit inverse
equations exist for a modified attenuated Radon transform [28] such
that the back-projection of filtered projection algorithm [38] used
in TCT applications extends nicely to single-photon ECT [28]. An
important application of this method of attenuation compensation fis
the reconstruction of radionuclide distributions in the brain,
where we find emission projection data can be reconstructed using an
aitehuationwdependent convolver or filter which reconstructs the
transverse section reliably and requires 1ittle computer memory and

very little computer time.
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